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In this paper, we study a new non-Riemannian quantity H deﬁned by the S-curvature. We
ﬁnd that the non-Riemannian quantity is closely related to S-curvature. We characterize
Randers metrics of almost isotropic S-curvature if and only if they have almost vanishing
H-curvature. Furthermore, the Randers metrics actually have zero S-curvature if and only
if they have vanishing H-curvature.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
In Finsler geometry, there are several geometric quantities: the Riemannian curvature (the ﬂag curvature) and non-
Riemannian curvature including the distortion, the (mean) Cartan curvature, the S-curvature, the (mean) Berwald curvature
and the (mean) Landsberg curvature, etc. Many geometers have found the intrinsic relations between Riemannian quantities
and non-Riemannian quantities, and hence have obtained a series of rigidity theorems and classiﬁcation theorems. See
[7–10] for some recent developments. Now suppose that F be a Finsler metric on an n-dimensional manifold M . In this
paper, differentiating the S-curvature along geodesics, we can obtain two new non-Riemannian quantities, Ξ = Ξi dxi and
H = Hij dxi ⊗ dx j , on the tangent bundle TM \ {0}:
Ξi := S.i;mym − S;i, (1)
Hij := 12S.i. j;my
m, (2)
where S denotes the S-curvature of F , “.” and “;” denote the vertical and horizontal covariant derivatives, respectively, with
respect to the Chern connection of F . Besides, we can refer to Lemma 2.1 in [1] to obtain the relation between Ξ and H.
One of important problems in Finsler geometry is to study the geometric meanings of special curvature properties. We
intend to investigate the following several classes of Finsler metrics with special non-Riemannian curvature properties and
Riemannian curvature property:
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S = (n + 1)c(x)F + η, (3)
where c = c(x) is a scalar function and η is a closed 1-form on M ,
(b) almost vanishing Ξ -curvature:
Ξi = −(n + 1)F 2
(
θ
F
)
yi
, (4)
where θ = θi(x)yi is a 1-form on M ,
(c) almost vanishing H-curvature:
Hij = n + 12 θ F yi y j , (5)
where θ = θi(x)yi is a 1-form on M ,
(d) weakly isotropic ﬂag curvature K deﬁned as follows:
K = 3θ
F
+ σ , (6)
where θ = θi(x)yi is a 1-form and σ = σ(x) is a scalar function on M .
We can evolve the following facts from (1)–(6):
(i) By (1) and (2) one can easily show that (3) implies (4) and (5). If F is of scalar ﬂag curvature, then (3) implies (6) [9].
In these cases, θ = cxm ym [1,9].
(ii) For general Finsler metrics, (4) cannot imply (3). But if F is a Randers metric, then (3) is equivalent to (4) [1].
(iii) For general Finsler metrics, (4) can imply (5) [1]. However, the converse is not true.
(iv) For general Finsler metrics, (6) cannot imply (3). But if F is a Randers metric of scalar ﬂag curvature, then (3) is
equivalent to (6) [11].
(v) For general Finsler metrics of scalar ﬂag curvature, (4) is equivalent to (6) [1].
(vi) For general Finsler metrics of scalar ﬂag curvature, (5) and (6) are equivalent for n 3 [6].
(vii) For general Finsler metrics, (5) cannot imply (3). But if F is a Randers metric, then (3) is equivalent to (5).
It is worth to note that (vii) is the main result of this paper.
Theorem 1.1. Let F = α + β be a Randers metric on an n-dimensional manifold M. The S-curvature is almost isotropic given by (3) if
and only if the non-Riemannian quantity Hij almost vanishes given by (5).
Theorem 1.2. Let F = α + β be a Randers metric on an n-dimensional manifold M. Then S = 0 if and only if H = 0.
2. Preliminaries
Let F = F (x, y) be a Finsler metric on an n-dimensional manifold M . We always require that F is positive deﬁnite, i.e.,
the Hessian matrix gij := 12 ∂
2 F 2
∂ yi∂ y j
(x, y) is positive deﬁnite for any y ∈ TxM \ {0}. In a standard local coordinate system
(xi, yi), let dV F = σF (x)dx1 ∧ · · · ∧ dxn denote the Busemann–Hausdorff volume form and Gi = Gi(x, y) denote the spray
coeﬃcients of F . Then S-curvature can be represented by the following form:
S = ∂G
i
∂ yi
(x, y) − yi ∂
∂xi
(
lnσF (x)
)
. (7)
Berwald curvature By = Bijkl dx j ⊗ ∂∂xi ⊗ dxk ⊗ dxl can be expressed by
Bijkl :=
∂3Gi
∂ y j∂ yk∂ yl
.
The mean Berwald curvature Ey = Eij dxi ⊗ dx j is deﬁned by
Eij := 1 Bmijm =
1 ∂3Gm
i j m
.2 2 ∂ y ∂ y ∂ y
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Eij = 12
∂2S
∂ yi∂ y j
= 1
2
S.i. j.
Hence the non-Riemannian quantity Hy = Hij dxi ⊗ dx j can be represented by the mean Berwald curvature as follows:
Hij = Eij;mym. (8)
Clearly, Eij and Hij have the following property:
Eij y
i = 0, Hij yi = 0.
We can take further averaging on E and H as follows:
E := gij Ei j, H := gij Hij,
where gij is the inverse of the fundamental tensor gij of F . E and H are scalar functions on the slit tangent bundle TM \ {0}.
One can easily obtain the following lemma by the deﬁnitions of Ξi and Hij in (1) and (2).
Lemma 2.1. (See [1].)
Hij = 14 (Ξi. j + Ξ j.i). (9)
3. Randers metrics
In this section, we will be devoted to the proof of Theorems 1.1 and 1.2. Therefore we consider a Randers metric F =
α + β , where α =
√
aij(x)yi y j and β = bi(x)yi . Let ∇β = bi| j yi dx j denote the covariant derivative of β with respect to α.
Set
ri j := 12 (bi| j + b j|i), si j :=
1
2
(bi| j − b j|i), r j := biri j, s j := bisi j, sij := aikskj,
eij := ri j + bis j + b jsi, e j := biei j, eij := aikekj,
qij := rikskj, ti j := sikskj, q j := biqi j = rkskj, t j := biti j = skskj,
wij := eikskj = qij + bit j + si s j . (10)
Here and thereafter, we use aij to raise and lower this indices of tensors deﬁned by bi and bi| j . We shall also denote
yi := aij y j . The index “0” means the contraction with yi .
Note
Π := ∂G
l
∂ yl
= Nll, T l := P yl + αsl0, P :=
e00
2F
− s0. (11)
For Randers metrics we have Gl = G l + T l , where G l is the spray coeﬃcient of α. So
Π = N ll + T , (12)
where T := [T l]yl = (n + 1)P and [Tm]y j = P y j ym + Pδmj + 1α sm0 y j + αsmj .
Lemma 3.1. (See [7].) For a Randers metric F = α + β on an n-dimensional manifold M, the following are equivalent:
(a) S = (n + 1)cF + η, where η is a closed 1-form on M;
(b) S = (n + 1)cF ;
(c) E = n+12 cF−1h;
(d) e00 = 2c(α2 − β2),
where c = c(x) is a scalar function on M.
By (1), (7), (11) and (12) we have
Ξi = Π.i;mym − Π;i = T .i|mym − T |i − 2T .i.mTm,
Ξi. j = (T .i|m). j ym + T .i| j − T |i. j − 2T .i.m. j Tm − 2T .i.m
[
Tm
]
y j , (13)
where “.” and “|” denote the vertical and horizontal covariant derivative, respectively, with respect to α.
210 D. Tang / Differential Geometry and its Applications 29 (2011) 207–213Hence from Lemma 2.1, (12) and (13) we derive that
Hij = n + 14
{[
(P .i|m). j + (P . j|m).i
]
ym + (P .i| j + P . j|i) − (P |i. j + P | j.i) − 4P .i.m. j Tm
− 2(P .i.m[Tm]y j + P . j.m[Tm]yi )}. (14)
We have
P .i = 1
F
ei0 − 12F 2 e00
(
yi
α
+ bi
)
− si,
P |i = 12F 2 (αe00|i + βe00|i − b0|ie00) − s0|i,
P . j|i = P |i. j = 1
F
e j0|i − 1
F 2
e j0b0|i − 12F 2 e00b j|i +
1
2F 3
(2e00b0|i − Fe00|i)
(
y j
α
+ b j
)
− s j|i,
(P .i|m). j ym = 1
F
eij|0 − 1
F 2
(eijb0|0 + ei0b j|0 + e j0bi|0) + 12αF 3 (2e00b0|0 − Fe00|0)
(
aij − yi
α
y j
α
)
+ 1
F 3
(e00bi|0 + 2ei0b0|0 − Fei0|0)
(
y j
α
+ b j
)
+ 1
F 3
(e00b j|0 + 2e j0b0|0 − Fe j0|0)
(
yi
α
+ bi
)
+ 1
F 4
(2Fe00|0 − 3e00b0|0)
(
yi
α
+ bi
)(
y j
α
+ b j
)
, (15)
P .i.m. j T
m = − 1
2F 2
r00eij + 14αF 3
{
e00(r00 + 2αs0) − 4αF w00
}(
aij − yi
α
y j
α
)
− 1
2F 4
{
e00(r00 + 4αs0) − 4αF w00
}( yi
α
+ bi
)(
y j
α
+ b j
)
− 1
F 2
(ei0s j0 + e j0si0)
+ 1
2F 3
(r00 + 2αs0)
{
ei0
(
y j
α
+ b j
)
+ e j0
(
yi
α
+ bi
)}
− α
F 2
{
wi0
(
y j
α
+ b j
)
+ w j0
(
yi
α
+ bi
)}
+ 1
F 3
e00
{
si0
(
y j
α
+ b j
)
+ s j0
(
yi
α
+ bi
)}
+ 1
2α2F 2
e00(si0 y j + s j0 yi), (16)
P .i.m
[
Tm
]
y j =
P
F
eij − P
F 2
{
ei0
(
y j
α
+ b j
)
+ e j0
(
yi
α
+ bi
)}
+ Pe00
F 3
(
yi
α
+ bi
)(
y j
α
+ b j
)
− Pe00
2αF 2
(
aij − yi
α
y j
α
)
+ 1
αF
(
wi0 y j + α2wij
)− e00
2α2F 2
(
si0 y j + α2si j
)
− 1
αF 2
(
s0ei0 y j + α2ei0s j
)+ e00
αF 3
(
yi
α
+ bi
)(
s0 y j + α2s j
)
− 1
αF 2
(
yi
α
+ bi
)(
w00 y j + α2w0 j
)
. (17)
On the other hand, we have
bi|0 = ei0 + si0 − βsi − s0bi, b0|i = ei0 − si0 − βsi − s0bi,
b0|0 = r00 = e00 − 2βs0. (18)
Proof of Theorem 1.1. By (14)–(18) we obtain the following formula for H :
α3(α + β)4Hij = n + 12 {Mij even + αMij odd}, (19)
where
Mij even := α4
(
α2 + 3β2)eij|0 − 2α4[βr00 − (α2 + β2)s0]eij − 4α4βei0e j0 + 2α4β(ei0s j0 + e j0si0)
+ α4(α2 + 3β2)(ei0s j + e j0si) + 3α2[βe00 − (α2 + β2)s0](ei0 y j + e j0 yi) + 3α4r00(ei0b j + e j0bi)
− 1
2
[(
α2 + β2)e00|0 − 2e00(βr00 − 2α2s0)− 8α2βw00](α2aij − yi y j)
− 2α2βe00(si0 y j + s j0 yi) − α4e00(si0b j + s j0bi) − α2
(
α2 + β2)e00(si y j + s j yi)
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[
e00(e00 + 2r00) − 2βe00|0 +
(
3α2 − β2)w00](yib j + y jbi)
− α2(α2 + β2)(ei0|0 y j + e j0|0 yi) − 2α4β(ei0|0b j + e j0|0bi) + 2α4(e00|0 + 2e00s0 − 2βw00)bib j
+ 2α2(e00|0 + 2e00s0)yi y j + α2β
(
α2 − β2)(wi0 y j + w j0 yi) + 2α4(α2 + β2)(wi0b j + w j0bi)
+ 2α4β(w0i y j + w0 j yi) + α4
(
α2 + β2)(w0ib j + w0 jbi) − α4β(3α2 + β2)(wij + w ji),
Mij odd := α2β
(
3α2 + β2)eij|0 − α2[(α2 + β2)r00 − 4α2βs0]eij − 2α2(α2 + β2)ei0e j0 + α2(α2 + β2)
(ei0s j0 + e j0si0) + α2β
(
3α2 + β2)(ei0s j + e j0si) + 3α2r00(ei0 y j + e j0 yi) + 3α2[βe00
− (α2 + β2)s0](ei0b j + e j0bi) − [βe00|0 − e00(r00 − 2βs0) − 2(α2 + β2)w00](α2aij − yi y j)
− 1
2
e00
(
3α2 + β2)(si0 y j + s j0 yi) − α2βe00(si0b j + s j0bi) − 2α2βe00(si y j + s j yi)
− α2(α2 + β2)e00(sib j + s jbi) + 2α2(e00|0 + 2e00s0 − βw00)(yib j + y jbi)
− 2α2β(ei0|0 y j + e j0|0 yi) − α2
(
α2 + β2)(ei0|0b j + e j0|0bi) + α2(2βe00|0 − 3e002 + 4βe00s0
− 4α2w00
)
bib j +
[
2βe00|0 − 3e002 + 4βe00s0 − 2
(
α2 − β2)]yi y j − α2(α2 − β2)(wi0 y j + w j0 yi)
+ 4α4β(wi0b j + w j0bi) + α2
(
α2 + β2)(w0i y j + w0 j yi) + 2α4β(w0ib j + w0 jbi)
− α4(α2 + 3β2)(wij + w ji).
Then
Mij odd · α2 − Mij even · β =
(
α2 − β2)Yij + 3α2e002[β(yib j + y jbi) − (yi y j + α2bib j)], (20)
where
Yij := 2α4βeij|0 − α4(r00 − 2βs0)eij − 2α4ei0e j0 + α4(ei0s j0 + e j0si0) + 2α4β(ei0s j + e j0si)
+ 3α2(r00 + βs0)(ei0 y j + e j0 yi) − 3α4s0(ei0b j + e j0bi) −
(
β
2
e00|0 − e00r00 − 2α2w00
)(
α2aij − yi y j
)
− 3
2
α2e00(si0 y j + s j0 yi) − α2βe00(si y j + s j yi) − α4e00(sib j + s jbi)
+ α2(2e00|0 + 4e00s0 + βw00)(yib j + y jbi) − α2β(ei0|0 y j + e j0|0 yi) − α4(ei0|0b j + e j0|0bi)
− 4α4w00bib j − 2α2w00 yi y j − α4
(
α2 + β2)(wij + w ji) + 2α4β(wi0b j + w j0bi)
+ α4(w0i y j + w0 j yi) + α4β(w0ib j + w0 jbi) − α2
(
α2 + β2)(wi0 y j + w j0 yi).
We assume that
Hij = n + 12 θ F yi y j =
n + 1
2
θ
(
aij
α
− yi y j
α3
)
.
Then
α3(α + β)4Hij = n + 12
{
M˜i j even + αM˜i j odd
}
,
where
M˜i j even := θ
(
α4 + β4 + 6α2β2)(α2aij − yi y j),
M˜i j odd := 4θβ
(
α2 + β2)(α2aij − yi y j).
Thus
M˜i j odd · α2 − M˜i j even · β = θβ
(
α2 − β2)(3α2 + β2)(α2aij − yi y j). (21)
According to (20) and (21), we conclude that
3α2e00
2{β(yib j + y jbi) − (yi y j + α2bib j)}= (α2 − β2)Xij, (22)
where Xij := θβ(3α2 + β2)(α2aij − yi y j) − Yij is a homogeneous polynomial of degree six in y with Xij yi y j = −3α4e002
and Xij yib j = −3α2βe002. Contracting (22) with bib j yields
−3α2e002
[
b2
(
α2b2 − β2)+ β2(1− b2)]= (α2 − β2)Xijbib j, (23)
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α2 − β2. Since α2 − β2 is irreducible, e00 must be divisible by α2 − β2. Therefore there is a scalar function c = c(x) such
that
e00 = 2c
(
α2 − β2). (24)
According to Lemma 3.1 we know that this proves Theorem 1.1. 
By Shen [1] we can obtain the following corollary.
Corollary 3.2. Let F = α + β be a Randers metric on an n-dimensional manifold M. If F is said to have constant S-curvature, then
Hij = 0.
By Li [2] and Corollary 3.2 one immediately has the following result.
Corollary 3.3. Suppose the Randers metric F = α + β is R-quadratic, then H := gij Hij = 0.
In addition, Mo [3] generalized Li’s result.
Theorem 3.4. (See [3].) Let (M, F ) be an R-quadratic Finsler manifold. Then H = 0.
We give the following example to verify Theorem 1.1.
Example. Let a ∈Rn be an arbitrary unit vector (|a| = 1). On the unit ball Bn(1) ⊂Rn , deﬁne
F :=
√
(|x|2〈a, y〉 − 2〈a, x〉〈x, y〉)2 + |y|2(1− |x|4)
1− |x|4 −
|x|2〈a, y〉 − 2〈a, x〉〈x, y〉
1− |x|4 , (25)
where y ∈ TxRn ∼=Rn . This Randers metric is of scalar ﬂag curvature whose ﬂag curvature is in a special form: K = 3θF + σ ,
where θ := 〈a, y〉 is an exact 1-form and σ := 3〈a, x〉2 − 2|x|2 is a scalar function on Bn(1). Moreover, the S-curvature is
isotropic S = (n + 1)cF with c = 〈a, x〉. Hence, H = (n2 − 1) 〈a,y〉2F . See [4–6] for relative results in the example.
Proof of Theorem 1.2. According to Corollary 3.2 the necessity is obvious. Now we begin to prove the suﬃciency. The
inverse matrix gij of the fundamental tensor gij for the Randers metric F = α + β is as follows:
gij = α
F
aij − α
F 2
(
bi y j + b j yi)+ αb2 + β
α3
yi y j . (26)
By (2), (19) and (26) we can obtain the following result:
α3(α + β)5H = n + 1
2
{Heven + αHodd} = 0. (27)
So (27) is equivalent to the following two equalities:
Heven := α4β
(
3α2 + β2)eii|0 − α4(α2 + β2)r00eii + 4α6βs0eii − 2α4(α2 + β2)e0|0 + [(−n + 2+ 4b2)α4
+ β4 + 2(3+ 2b2)α2β2]βe00|0 + (n + 2− 3b2)α4e00r00 + 2α4βe0(e00 + 2r00)
− (2n − 3+ 2b2)α4βe00s0 + 2[(n + 2− 2b2)α2 + nβ2]α4w00 − 8α6e0s0 + 8α6βwi0bi
= 0, (28)
and
Hodd := α4
(
α2 + 3β2)eii|0 − 2α4βr00eii + 2α4(α2 + β2)s0eii − 4α4βe0|0 −
[(
n − 1
2
− b2
)
α4 − (b2 + 4)β4
+
(
n − 9
2
− 6b2
)
α2β2
]
e00|0 + (n − 1)α2βe00r00 + 2α4e0(e00 + 2r00) −
(
2n + 3− 4b2)α4e00s0
+ 4(n + 1− b2)w00 − 8α4βe0s0 + 4α4(α2 + β2)wi0bi
= 0. (29)
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Hodd · α2 − Heven · β =
(
α2 − β2)Q − 3(1− b2)α4βe002 = 0, (30)
where
Q := α4(α2 + β2)eii|0 − α4(βr00 − 2α2s0)eii − 2α4βe0|0 −
[(
n − 1
2
− b2
)
α4 − β4 − 3(1+ b2)α2β2]e00|0
− (2n + 3− 4b2)α4e00s0 + 2α4e0(e00 + 2r00) + 2nα4βw00 + 4α6wi0bi .
Hence e00 can be divisible by α2 − β2, i.e. there exists a scalar function σ = σ(x) on M such that
e00 = 2σ(x)
(
α2 − β2). (31)
Now we need to prove σ(x) = 0. Substituting (31) into (30) one derives that
Q − 12σ 2(1− b2)α4β(α2 − β2)= 0. (32)
Subtracting (29) from (32) multiplied by 2 yields
(
α2 − β2){α4eii|0 + 2α4s0eii −
[(
n − 1
2
− b2
)
α2 − (b2 + 2)β2]e00|0 − 2(2n + 3− 4b2)σα4s0
+ 12σα4e0 − 2(n − 1)σα2βr00 + 4α4wi0bi − 24σ 2
(
1− b2)α4β}
= 4(1− b2)α4βw00. (33)
Obviously w00 can be divisible by α2 − β2 from (33). On the other hand, by (10) and (31) we get w00 = −2σ(x)βs0. Hence
σ(x) = 0 such that −2σ(x)βs0 is divisible by α2 − β2. Considering Lemma 3.1 again, we deduce that S = 0 if and only if
H = 0. 
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